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ABSTRACT

As sn extension to the study reported in s previous publiceiion en-
titled A Point Source Birormal Lens, s smaller lens of the same general
design, but with focsl points spaced farther apart, has been constructed
and given similar tests. Field paticrus of this X-baad model have been
made, in addition to the plotting of experimentul and theoreticai phase-
erroe contowrs. The geometry of the lens is completely defined by gener
al equations for this type of design.

The overall performance of the lens closely paralleled thst of its
peedacessor, but with improved gain fxx off-axis positions snd decreased
ccma-Jobe level with verticel polarization.
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A POINT SOURCE BINORMAL LENS
WITH WIDE-ANGLRX FOCAL POINTS *

1. INTRGLOTTION

A *‘binormal™® or ‘‘constrained’’ type of lemns for use with a point source bas been reported in a previous
p\lblit:niolx-l To contirue this atudy, a secoad point source binotmal lens, called the ‘‘circlet lens’’ to
diciinguish it iron the first, bas been coustracted, slso of square tubing, and given similar tests. The
circlet lens is the subject of this revort.

The inner fsce of the original lens was a portion of a prolate ellipscid o' revolntion with focal points st
the foci of the sllipse. The outer face was stepped by integral numbess cf wavelengths. Usliks its
predecessor, the circic: lens has aot been stepped. Both inner and outer faces are costinuous poetions of
allipsoids.

Az application under ccasideeniion was ile scamning of & wids vertical secior between extremo angles
of 32° each side of the axia. Thir would be accomplini~i by feeding the iens with an assombiy of fow
borns apaced 16° «part axd oscillating + 8°, #e shown in Fig. !.

In the original lens, th~ correction points were chosen oa lines forming angles of i 7-1/2° with the-axis
of tte lens. It had been expected that by choosing carrection points further out from thc axis, better off-
axis bebavior would be achieved. Whea comparisew of pattores was made, however, no significrat Ascrease
in the aida lobes was maunifest cxicpt tor the cuniribuiiva from the H-pleas coma lobes for fend positicns
beyond 10° off-axis.

As menticaed in the previous report, the index of refractioa of the leas medium is determined by the
spacing bet=eeu tae 2etal walls pasailel to the electric vector. This index is givea by

s =V i-(A/z2af, (1))
where a is the plate apacing and A is the free-epace waveleagth of the electromagnetic wave propagated
through the lens. Plans for the circlet lens apeocified cosstruction from square tubing of 0.700 iu. inside
diameter and field tests at a weveleagth of 2,963 cm. Thos the iadex of refracticn was fixed at 0.55.

*Maasecript received for publicstion August 1952; revised mewsscript received 1y January 1953.

lw, Zilis, E. Fise, and C. Reyunolds (¥erch 1951), *‘A Point Sczr~ Bisorma) Lens,’” Rept. No. £5067, AF Cambridge
Research Center, Candeidge, Mass.
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2. DESIGN EQUATIONS

The equations {ne the desiga of a lens to focus 8 plass wWave upor & pair of symneisicaiiy sasitianed

poiais bave been Jderived in the orevious report. The equatiom for the inner face, an ellipsoid of revolution,

is given by
x + fcos al? y]? s S
[ 3 [7] *[,c...—a] o @

‘Tuc y, z coordinates of any square tvhe are deficed s those of ite axis, [ts termination in the inner

face s determined by x, aad ir the outar face by x*. Its length is d. Any point on the cuter face, there-
fore, is deeignated by (x', v, z) where

z'-'-z*dnndd:do‘—————. (3)

coa & - n

"
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The chosen values and dofinitiona of the paremeters are:
d, * 2in ~the thickness of the lens at the center (0,0,0);
f{ = 20 in.~the distance from the feed sowrce to the center;
& =22° —~the aagic measured in the xy-plane between the x-axis and the line joining
8 focal poiut to the oririn (alvo the angle of the emeanating plare wave when

the lens is fed from the comrection points). '
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At ome time prior to comstrucsion of the lens, it seemed that the required square tubing would not be
available and a cardboard model was {alvicaisd iz c:der to atedy egg-crate construction. Althougi it was
ultimately decided that a tubular lena would be suparior to one of egg-cratc design, the analysis of the
shape of the cerdboerd ceciiona? revealed that the outer smiace of the leas was also an ellipsoid, but not
ome of revolutica. Thos, the intersection of the outer surface with any piane normal to a coordinate axis
vcold be an erc of an sllipse.

Ia the upper portion of Fig. 2 is an example of & planar cut parallel to the xy-piane. The minor axes of
the cllipees for the inner face are parsllel to the z-axis; for the outer face, it is the major axes toat are
parallel to the s-axis.

The lower portion of Fig. Z sL>ws & typical planar cut parallel to the xz-plane. For the inaer face this
ie a circle, and for the outer face an ellipse with wajor axis parallel to the z-axis as before.

In normalizsed form the equations {or the inner face are:

(= + a)? 2

e icomE) + A =1 4)
f3 cos3 A - 32 i 'x’/co-’a

with z 28 1 parameter ant
(s +fcos @) + 32 = (2 - y3)cos? a s)

with / =9 & parameter. Inasmuch as circuler tcmplates £ forming the lene are move easily fabricated than
slliptical ones, the latter equation was the one 2sed in dimensioring the templates.
Fae the cater faco the normalized form is

s’ -d, + af cola/(n'cola)]’ 2
S * Z = ©
a2 (3 cos? a- 22)/(n - cos a)? 2 - 12/cos? a
with z u.pmot.er and
[s' =4, + (af cos 2)/(n = cos a))? #
5 a2 =1 (7)
a2 (2 - y?) cos? a/(n - cos a)? (f* -y cos?a

with y as & prraseter,
Note that the center of the ellipsoid for the innee face is at tae point (~f cos a, 0,0) and for the
outer facs at (dy = nfcos 2/ (n- cos a),0,0].

2The teak of scribing ollipses oa tho cerdbosrd sections led to the construction of s trammel ellipscgraph. The ellipses
iz Fig: 2 were drown to acals upen tha instrusmnt de=izned by T. T. Pweka. uow with the Instrumentstion Lab. at
Mass. Inct. Tech.
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Fig. 3. Inner and ou'st [aces of the circlet lous, (2) lnner faca (b) Outer face.
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3. EAPERIMENTAL MODEL

The pbotographs ia Fig. 3 show that the periphery of the lens ia roughly circular, with s radius of
15-1/2 tuba widths to give an f/d retio of one.

To ohsnin the leagths of the tubes ard their relative positioss, Cq. {2) was solved for x and then evsle-
atad, sogether with d, oo panched card machiaery. Because of the symmetrical design, it wee necessary to
tigme caly ose guadrant.

The lous was constructed from 561 lengths of square iubisg of 0.700 in. t 0,0UZ in. i.d. and V,050 in.
t 0,002 in. wall thickaess. Each length of this thin-wslled tubing was cut upon s lsthe after the insertion
of s mardril, which was cut simultaneously. Since for economy of mandrils, it was desirable to stast cutting
with the loagest and continae ix descending order of longth, the tube longths were arranged in this order by
the puached card mackinery.

As before, each row was formed by butting the individual tubes agaizs: a template and soldering eack
tube to the one cdjucent. Then the rows were stacked against the templstes (assembled in an array) end
soldered. A square Textolite frame and apacers were employed to Lold the entire assorbly together.?

4. FIELD PATTERNS

All test putterns® were made at the design wavelength of 2.963 cm st the Ipswich test station. The
feed used for this lons, like te oss weed for its predecesscr, was s rectanguler boru flared to produce ac
illemination approximately 10 db dowa from peak power st the edges of the lens in both the electric and
the magnetic planes.

Examination of the initis] patterue re- aled that reflectioas from the V-shaped feed holder had con-
tribut+d to the level of the sids lobes. This necessitated the retaking of s fow patterns after a different
tyee . foed holder had been constructed.

A set of patterss was taken for comparison of the circlet lers with the precediag poiat source binormal
lana tn loarn whether s significant change ia the off-axis focusing charactoristics had bees effected by the
22° correction poiats. These compariscas are shown in the plots of Fig. 4, where the peak power of each
lons oa axis has bees normalised to wero.

The lens was mounted with its zy-plase borizontal. Asimuth patterns were taken with ths born st
various positions along the feed locns shown in Fig. 1. With the polarisation vorticsl, the beet focus was

e techaique of aseenbly aad essiduows coun'—sction of the circlet lens are the work of N. O. Haesea and
W. J. Koaras of the Anteaas Lab., Electroaics Resesrch Directorate, AF Cairbeidge Research Ceaier.

$For most of the data obtsined, acknowledgment is made to G. R. Forbes who, with the assistance of H. J. Heaksl,
1ook wore thaa 300 patters.
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found with the mouth of the horn adjusted to 18-1/2 ia. from the ceater of the lens, measwed alone its axis.
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LEFT SIDE LOBE VS BLAM POSITION

u PT. SOURCE GNORNAL LENS

@ GRCLET LENS

~ emla s

. For the horizontal pelarizatios, the best foces wes found at 19-3/4 in.

of the circiet lens with its predecessor.
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#ig. 5. Deta {recs scimath petterns with elliptical plane vertical.

The expscied increass in bolf-power besmwidths due to the decreased aperturs was evident. There was
improvement in the relative power in thei the gain did ot fall off but aven increased et first as the fecd was
moved off-axis. The gaia wes grestor pear the correctica points ther it was on-uxis. Foe negetive angles
of off-axis feed positiovs, ths right side lobe is the come lobe aud for positive engles it is the ieft lobe.

I the /i-plane paitteras the coma lobec of the circlet luns in patterns beyond 12° are lower than ithose of
the poiat scurce binarmal lens, even though they a:e somewhat higher on-uxis. In the E-plane petterns,
this coma lobe ewppreasion is not manifest.

For & sscond met of patterns the lons was rotaied 90° o= its owz axis so that the xy-plane became
verticel, Aziwuth pstterns were taken as before. The ferd was focwsed on-axis at 14-1/2 in. from the lens
soater for vertical polarization and st 16 in. for the korizontal.



The graphs of the resulte ave plotted in Fig. 5. They sre seen to bo ronmcwhai more symmsirical then

the coerszponding cwrver of Fig. 4. The berawidih iv somewhat greater, bit the relative puwer has dropped
off. Ths wide iches average cut shout the sama.

5. PHASE STUDY

Whon Ske circlet inag is fod from the somvection peists ~i.e., 2t the angle @ and from a distance -
thecsatics]ly thege ic no phese srror. I the feed is muved along an are of constant radies f through an angle
8, which iz measwed iv the s2mo manner a8 o (sse Fig. §), then the phase errar § st a particular point is

deiieed as the difisrence betwess ibe siscwricel path length through the conter aad that through the point,
This .8 givea by

S =z tfeom ST + (ytfain O + &F-

f-yaic 6§ + nx(cos a~coe ) /(a~cosz) . (8)

A, '-*‘ofumlyml)lﬁeeﬁwistkepo!.uwthepoeipheryo!the!euwbeu y 5C xad =
ie 2 maxhmem, ﬁemm:& & wos chosem by comparing the path iengtis through this point from the

twn axteame nositioes aﬁu‘ag% £sed cincle, ive., whore 6 = §° and & ~ 32°. When G is fived at 22°,
the phu errors are aumevically equivalent, though oppocite in eign.
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Equation (8) was evaluated witk 6 fixed ax zoro ior vach tube in 0ic g==d-eat, and also with 6 fixed at
32° for each t=bs in two quadrants. Cecause of symmetry this data was sufficient to provide the contours

over the entire face of the levs which ere depictzd in Figs. 7 and 8.
All valves of 5 were divided by A so that the date could be plotied in terms of tho wavelesgth. The
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Fig. 8. Phesn ertor camtow= with fead at 327,

layout of sqesres in thess figures is representative of the actual tubes in the lens. Figwre 7 shows the
phess enurs when G = 0", waiie Fig. 8 is the erroc plot far 6 = 32°.
A second locas for the foed was considered, i.e., aloag the circle passing through the two carvection
* points ad the urigin. The two feed circles are diagramed iz Fig. 9. Equation (8) was modified to take
into arcount the new geometric positions with phase error defined by 5_;

19




! - < . Fig. 9. Feed circle through
\\ 17/“..‘" \ ccr‘ncﬂo- points and crigin.
\ .,/
\\

(fessm,~?

: 3

3 =_\/( _’_f.“xa) +(y+___"'°6°°'8) + % +ad
e cos @ co9 G

_|fcos &

Leoco

9)
+ ad

e * (d'do + x)cos O *+ ysin 6] .

Aftee reacrangement end simplification by utilizing the square-ccci series in lisn of the radical, this
equation was solved many times to ohtiia the points aecessary for plotting the additional contours shown
in Figs. 10 and 11. These, also, ~re in terme of the wavelength and are superimposed for comparisoa
purposce wpon the contours of Fign. 7 sad 8, respectively.

A study of these figures quickiy revoals that the esvor is increasad =: 2l points, because each contowr
of the modified position of the fesd (light line) is entirely asciceed by the contovr of the same ‘phasc error
for the desiga position (hoavy line)., Indecd, am ervor of 1/2 wavelength can be found neer the edge of the
lens.

Actual measuremeats of the phase errors wers made ou the sutomatic phese plotter® in the Airborne
Suction of the Asten=a Laborstory. No means were available for taking moasaremen’s within a plane
parallel to the facs of the leas as would be desirable. Instead, plowa were mude in planes purpendiculer,

5n. M. Barretz end M. H. Barnes (Jaa. 1552), “‘Astamatic Antenns Wave-Fromt Ploties,” Electronics 25, No. |
begiaaing p. 120,
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i.e., in the xy-plane or the sz-plene. Thros difforest foed angles were used: $°, 22° and 32°. Sample
sectiors of these plcts are shown in Fig. 12. All were mcde at a wevelength of 3.12 cx, the closest
approach that could be made to the d22iz= wavelength of 2,963 cm with the eqoipmert on kasd.

The straight phase fronts are visual evidence of the collimating ability of the lens.




Ny

T N A o
—;-“';, 8 ™ h‘ﬂ""'\"
- - S E
,/f W= ! %“Ti”\» B,
- - —
d/ 3 N \
‘ R LI
|_ ¥ = »
S 50t
% : ad -
\;'}-
Zé < . % /*./
—

s

e )

Fig. 1i. Sriw corsoss irom modified feed czcle with feed st s2°,

e bt ey ———

LRt PSSR



Fig. 12. Automatic phase plots.
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Fig. 13. Pattein scale.

6. APPFrNDIX

The need to glean dats fr~m a large number of paiterns obtained with the circlet lewe led to the pattern
reading device illustrated in Fig. 13. The reader may wish to deaign a similar tool adapted to his own
pattern paper.

The scale is made from transparent plastic, beveled to the edges. The engravings are on the under side
and are filled in ced to set them off from the black grid lines of the patiesn paper.

The scale at the edge is graduated in decibels for measuring t'.e depth of side lobes below the peak
ond for measuring relative levels of peaks.

‘The other scale Las a line running through its center, with chree sets of graduations whoee major marks
align with those of the pattern paper. Only one set is used at a time, depending on the ratio of paper
travel to antenra rotation at which the recceder is operated. The location of ikis lice is at a =ritical dis-
tznce (3.01 db) below the top edge previously mentioned. Thus, the hslf-power besmwidth may be read
quickly by placing ths top edge tangent to the peak of the pattern and indexing the zero upon tbe left slope.
‘I'he reading ia taken =t the intersection of the right slope with the line.
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